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1. Introduction

Couette ¯ow provides the simplest model for the

analysis of heat transfer for ¯ow between parallel

plates and between two coaxial cylinders. Design of

such devices with the consideration of the thermo-

mechanical coupling of viscous heat generation and

Couette ¯ow is important since they are used in lubri-

cation, polymer and food processing, and viscometry

[1±4]. The tangential annular ¯ow is a good model for

a journal and its bearing, in which, one surface is

stationary while the other is rotating and the clearance

between the surfaces is ®lled with an incompressible

¯uid that is mostly a lubricant oil of high viscosity.

For such a system, the viscous-energy-dissipation as a

heat source is used in the energy equation to predict

the temperature distribution in the narrow gap of a

Couette device. Temperature pro®les in plane and cir-

cular Couette ¯ows with and without pressure gradi-

ent, and with various thermal boundary conditions

have been presented previously [1±6]. The thermody-

namic analysis of a Couette ¯ow is also important

since the heat transfer and friction are accompanied by

the entropy generation due to irreversibilities that are

related to the amount of energy dissipation in the sys-

tem [7±0]. In a previous work [10], the entropy in a cir-

cular Couette ¯ow of temperature-dependent materials

have been examined and found that the narrowing the

gap of Couette increases the entropy generation shar-

ply. The objective of this study is to analyze the ther-
modynamics aspect of the plane and circular Couette
¯ows with asymmetric wall temperatures for an incom-

pressible ¯uid with temperature independent viscosity
and thermal conductivity. In the analysis, the entropy
generation has been calculated using the velocity and

temperature pro®les for a steady state, developed lami-
nar ¯ow. The e�ects of the pressure gradient and the
Brinkman number on the volumetric entropy gener-

ation and the irreversibility distribution ratio have
been determined and displayed graphically for both
geometries.

2. Thermodynamic analysis

A Couette ¯ow may describe the heat transfer in a

journal and its bearing, in which, one surface is
stationary while the other is rotating. If the gap
between the surfaces is narrow in comparison with the

radius of the bearing, the geometry can be treated as
two parallel ¯at plates. In the gap ®lled with a viscous
¯uid, the temperature rises and the temperature pro®le
may be developed due to friction. Since the tempera-

ture rises, the rate of heat transfer through the surfaces
may be considerable [2,5] and an excessive entropy
may be generated even at the moderate ¯ow velocities

[8,10]. The Gouy±Stodola theorem links the lost avail-
able energy to the entropy generation, thus relating
economic implications of the di�erent irreversibilities

due to the operational and design conditions for a
desired task of the system [7±9]. The rate of entropy
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generation for a steady, Newtonian Couette ¯ow is cal-

culated in the following sections.

2.1. Plane Couette ¯ow

The rate of entropy generation per unit volume S1
of an incompressible, Newtonian ¯uid for Cartesian
coordinates is given by [8]

S 000 � k

T 2

�
dT

dy

� 2

� m
T

�
du

dy

� 2

�1�

Eq. (1) indicates that the velocity and temperature pro-
®les are necessary to determine the volumetric entropy

generation rate.
Fig. 1 shows the plane Couette ¯ow with the follow-

ing boundary conditions:

y � H u � u1 T � T1

yÿ 0 u � 0 T � T2

Equation of motion for fully developed ¯ow in the x
direction with pressure gradient is given by [2,6]

ÿ d
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Using the boundary conditions, Eq. (2) can be solved

by integrating twice, and the velocity pro®le is
obtained as

U � u

u1
Y
�
1� A�1ÿ Y�

�
�3�

where

A � � ÿ dp=dx�H 2

2mu1
; Y � y

H

The velocity gradient du=dy is obtained from Eq. (3),

and is given by

du

dy
� � ÿ dP=dx�

2m
�Hÿ 2y� � u1

H
�4�

The energy equation for laminar and hydrodynami-
cally developed ¯ow is [2]
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Substitution of Eq. (4) into Eq. (5) yields the following
temperature distribution

y � Tÿ T2

T1 ÿ T2
� � ÿ dP=dx�Y
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�
aH 4�1ÿ Y 3 �
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where

a � � ÿ dP=dx�
m

b � � ÿ dP=dx�H
m

� 2u1
H

Nomenclature

a, b, c parameters (Eq. (6))
A, B parameters (Eqs. (3) and (11), respectively)
Be Bejan number

Br Brinkman number (Eq. (6))
k thermal conductivity of ¯uid (W mÿ1 Kÿ1)
r radial direction

n ri=r0
R r=r0
Re Reynolds number �Re � wr02=n)
S1 volumetric rate of entropy generation (W

mÿ3 Kÿ1

T temperature (K)
u velocity (m sÿ1)
U dimensionless velocity �u=u1)
Y y=H
w angular velocity (sÿ1)

Greek symbols
n kinematic viscosity (m2 sÿ1)
r density (kg mÿ3)
y dimensionless temperature

Fig. 1. The plane Couette ¯ow.
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c � � ÿ dP=dx�H 2

4m
� u1

Br � mu 2
1

k�T1 ÿ T2 �

Br is the Brinkman number, which is a measure of the
viscous heating as compared to the heat conducted
through the gap of Couette device. The temperature

gradient can be obtained from Eq. (6), and expressed
by

dT

dy
� � ÿ dP=dx�

12k

�
aH 3�1ÿ 4Y 3 � ÿ 2bH 2�1ÿ 3Y 2 �

� 6cH�1ÿ 2Y�
�
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H

�
1� 1

2
Br�1ÿ 2Y�

�
�7�

Inserting Eqs. (4) and (7) into Eq. (1) yields an ex-
pression for the volumetric entropy generation rate for
a Couette ¯ow between parallel ¯at plates.

Using the data presented in Table 1, the velocity
and temperature pro®les have been calculated for H =
0.005 m. The Brinkman number is changed in the

range of ÿ2 to 8, while A has the three values that are
ÿ3.0, 0, and 3.0. The dimensionless velocity pro®le U
is shown in Fig. 2. For the case of �ÿdp=dx� � 0,

known as simple Couette ¯ow, the velocity is linear
across the ¯uid. For a negative pressure drop the vel-
ocity is positive, and for a pressure increase, the vel-
ocity can become negative, leading to back ¯ow. The

point of reversal is that point at which du=dy � 0 at
y � 0: This occurs when ÿdp=dx � ÿ2mu1=�H 2� [6].

Fig. 3 shows the dimensionless temperature pro®les

y for T2 � 300 K and ÿ2.0 < Br< 8.0 with and with-
out the pressure gradient. The rise of temperature, in
the middle part of Couette device, is considerably large
for high values of Br [5,6]. Spatial distribution and the

location of maximum temperature along the gap are
highly a�ected by the pressure gradient.

2.2. Circular Couette ¯ow

The entropy generation rate for an incompressible
Newtonian ¯uid held between two coaxial cylinders is
given by [8]

Table 1

The data used in calculations of the velocity and temperature

pro®les, and the rate of entropy generationsa

Plane Couette Circular Couette

H � 0:005 (m) r0 � 0:02 (m)

u1 � 5 (msÿ1) r1 � 0:019 (m)

T2 � 300 (K) w � 1048 (sÿ1)
Ti � 300 (K)

Re � 5000

a Fluid: unused engine oil, constant physical properties [12]:

k � 0:14 (W mÿ1 Kÿ1), n � 0:839� 104 (m2 sÿ1), r � 864:04
(kgmÿ3).

Fig. 2. Dimensionless velocity pro®le U for the plane Couette ¯ow for H � 0:005 m.
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The circular Couette ¯ow is shown in Fig. 4. The ¯ow
between concentric cylinders is in the direction y only,

and it satis®es that uy � uy�r�, T � T�r�: The inner
cylinder is stationary while the outer one is rotating
with an angular velocity w. It is assumed that the

annular ¯ow is laminar and there are no end e�ects,
and the steady state is reached with the controlled

angular velocity. The solutions of the velocity and tem-
perature distributions of y direction are available [5,6]

u0
wr0
� 1

R

ÿ
r 2 ÿ r 2i

�ÿ
r 20 ÿ r 2i

� �9�

where

R � r

r0

Fig. 3. Dimensionless temperature pro®le y, for the plane Couette ¯ow for u1 = 5.0 msÿ1, H � 0:005 m.
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The second term on the right-hand side of Eq. (8), re-
lated to the velocity gradient, can be obtained from

Eq. (9), and expressed by

m
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dr
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4
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ÿ
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The temperature pro®le is given by [5].

y � Tÿ Ti

T0 ÿ Ti
� �B� 1�

�
1ÿ ln R

ln n

�
� B

�
ln R

n 2 ln n
ÿ 1

R 2

�
�11�

with the dimensionless quantities

n � ri
r0
; B � Br

n4

�1ÿ n 2 � 2 and Br � mw 2r 20
k�T0 ÿ Ti �

Br is the Brinkman number for the annulus. Eqs. (9)
and (11) satisfy the following boundary conditions:

R � n uy � 0 y � 0
R � 1 uy � wr0 y � 1

The temperature gradient can be obtained from Eq.
(11) and given by

dT

dr
� �T0 ÿ Ti �

�
2Br 20
r3
� B

rn 2 ln n
ÿ B� 1

r ln n

�
�12�

Using the data presented in Table 1, the temperature
pro®le has been calculated in the region of 1 < Br< 8

for Re = 5000, Ti = 300 K, and w = 1048 sÿ1, and
shown in Fig. 5.
By inserting Eqs. (10) and (12) into Eq. (8), an ex-

pression for the volumetric entropy generation rate of
the circular Couette ¯ow can be obtained. The ®rst

terms on the right-hand sides of Eqs. (1) and (8) show
the entropy generation due to the heat transfer S 000DT,
while the entropy generation due to the ¯uid friction

S 000DP is shown by the second terms, hence the rate of
entropy generation expression has the following basic
form

S 000 � S 000DT � S 000DP �13�

The volumetric entropy generation rate is positive and
®nite as long as temperature or velocity gradients are

present in the medium. The irreversibility distribution
ratio is de®ned as

Be � S 000DT=S
000 �14�

and was named as the Bejan number, Be [11]. Be � 1
is the limit at which all the irreversibility is due to the

Fig. 3 (continued)

Fig. 4. The circular Couette ¯ow.
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heat transfer. The irreversibility due to the heat trans-

fer dominates when Be� 1
2 , while Be� 1

2 is the case
where the irreversibility due to the friction dominates
[8].

3. Results and discussion

Unused engine oil is used as the ¯uid in the gap of
Couette devices. The data for the Couette devices and
the physical properties of the ¯uid that are assumed to

be temperature independent are given in Table 1. For
the plane Couette, the e�ects of A and Br on the volu-
metric entropy generation are shown in Fig. 6. The

values of S1 are in¯uenced mainly by the pressure gra-
dient, and produce minimum values around Y � 0:7
and 0.4 with A � ÿ3:0 and 3.0, respectively. When
A � 0:0, the values of S1 are rather small, and varies

with both A and Br. The irreversibility distribution
ratio Be is shown in Fig. 7 for T2 � 300 K. The domi-
nation of the entropy generation due to friction is

apparent. The peak values of Be appear in the low
entropy generation regions when A � ÿ3:0 and 3.0, as
seen in Fig. 6. Without the pressure gradient (A = 0)

entropy generation is relatively small.
For circular Couette, the Reynolds number �Re �

wr 20 =n� at the transition from laminar to turbulent ¯ow

Fig. 5. Dimensionless temperature pro®le y for the circular

Couette ¯ow for Ti � 300 K, r0 � 0:02 m, ri � 0:019 m,

w � 1048 sÿ1, Re � 5000:

Fig. 6. The volumetric entropy generation S1 for the plane

Couette ¯ow for u1 � 5:0 msÿ1, H � 0:005 m.
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is strongly dependent on the ratio of the gap to the

radius of the outer cylinder, 1ÿ n: The critical Rey-

nolds number reaches a value of about 50,000 at 1ÿ
n � 0:05 [5]. Therefore, the Reynolds number less than

50,000 and 1ÿ n � 0:05 are adapted in the calcu-

lations. With the data adapted in Table 1, n becomes

0.95. The angular velocity w and the temperature

di�erence T0 ÿ Ti are determined from the speci®ed

values of Re and Br, and used in the entropy gener-

ation calculations, which are shown in Fig. 8. At high

Re, the e�ect of Br on the entropy generation is mini-

mal, while Br has some e�ect on S1 at low Re. The

irreversibility distribution ratio Be for Re � 5000 and

40,000, and for Ti � 300 K is shown in Fig. 9. The

increase of Be indicates a competition of the irreversi-

bilities caused by the heat transfer and friction. At

high Re, the distribution of Be is relatively more uni-

form than that at low Re.

With various operational conditions such as, the gap

of Couette device, the Brinkman number, Re, and the

boundary conditions, the volumetric entropy gener-

ation can be calculated easily by Eqs. (1) and (8). Such

calculations can display the level of entropy generation

Fig. 8. The volumetric entropy generation S1 for the circular

Couette ¯ow for Ti � 300 K, r0 � 0:02 m, ri � 0:019 m.

Fig. 7. The Bejan number Be for the plane Couette ¯ow for

u1 � 5:0 msÿ1, H � 0:005 m.
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for a required task from an existing Couette with the
speci®ed operating conditions, and therefore help to

analyze the system thermodynamically. Since the irre-
versibility is related to loss of energy, the thermody-
namic analysis can facilitate the optimal operating con-

ditions that produce less entropy for an existing de-
sign.
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